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Numerical Analysis of Large Axisymmetric
Deformations of Thin Spherical Shells

PAUL E. WILSON* AND EDWARD E. SPIER*
General Dynamics/Astronautics, San Diego, Calif.

Nonlinear difference equations for the numerical analysis of large axisymmetric deflections
of thin linearly elastic and isotropic spherical shells are presented. Surface loading, tempera-
ture, and shell thickness may vary along a generator, and, in addition, temperature may vary
through the thickness. The difference equations, which govern a stress function and the
rotation of a meridional tangent, are written in a convenient matrix form and solved by com-
bining an iterative scheme with a direct elimination method. The general theory is pro-
gramed on an IBM 7090 digital computer, and important aspects of the input-output formats
are explained. A nonclassical problem involving a "deep" spherical shell of variable thickness
subjected to "thermal" pressure and edge loading is solved by means of the computer program.
For this problem it was found that linear theory generally gave very conservative results. In
addition, the problem of a spherical shell subjected to a concentrated load at the apex is
treated, and certain of the numerical results are verified experimentally.

Nomenclature

a = radius of spherical shell
a, b = matrices that characterize boundary condi-

tions at n = 1
ai, 02, 61, b% = elements of matrices a, b
A, B = relations that characterize temperature dis-

tribution
An, Bn, Cn = matrices that define variable coefficients of

difference equations
d, e = matrices that characterize boundary condi-

tions at n = N
dij d%, d, e% = elements of matrices d} e
E = modulus of elasticity
fn = matrices that define right-hand side of dif-

ference equations
fij fz = elements of /„ matrix
Fn = quantity given by Eq. (39)
gn = quantity given by second of Eqs. (9)
h = shell thickness
h = h/hi
H, V = radial and axial stress resultants
I = identity matrix
k = coefficient of thermal expansion
m = number of iterations to convergence
MT, NT = quantities given by Eqs. (2)
M%, Me = meridional and hoop stress couples
n = arbitrary mesh point
TV = terminal mesh point, also stress resultant at

apex
N%, No, Q = meridional, hoop, and shearing stress re-

sultants
0(j32) = quantity of order ]82

p = pressure loading
PS, pv = radial and axial components of middle sur-

face load intensity
P = concentrated load at apex of closed shell
Pn = two by two coefficient matrix
Piij Pi2, Pzi, Pz2 = elements of Pn matrix

Presented as Preprint 64-440 at the 1st AIAA Annual Meeting,
Washington, D. C., June 29-July 2, 1964; revision received May
13, 1965. This work was supported by General Dynamics/
Astronautics under research program No. 111-9582. The
authors extend their appreciation to M. M. Thorn and H. W.
Rose for programing the equations presented in this paper and
thank D. R. Cropper, E. M. Slick, and M. A. Kirk for assisting in
various phases of the work. Thanks are also extended to J. W.
Fortenberry and J. Bodenham for supplying the experimental
results and to others at General Dynamics/Astronautics who had
a part in this work.

* Design Specialist, Structures Research. Member AIAA.

TO,

s

As

As"
T
u, w
x, y, z
Vn
ai' i

1,2,
|8
Si, 52

*,0, r

&}uv

radial and axial coordinates of undeformed
middle surface

column vector of loads and nonlinear terms
elements of gn column vector
cylindrical coordinates
arc length measured along middle surface of

shell generator
distance between two adjoining mesh points

on shell middle surface

= temperature above some fixed datum
= radial and axial displacement components
= rectangular Cartesian coordinates
= column vector giving \j/n and (3n

, 5 = variable coefficients of difference equations
= rotation of meridional tangent
= relations given by Eqs. (11)
= 12(1 - *>2)
= Poisson's ratio
= orthogonal curvilinear shell coordinates
= radius-thickness ratio, a/h
= meridional and hoop stresses
= colatitude angle of normal to deformed shell
= colatitude angle of normal to undeformed

shell
= dimensionless stress function
= derivative of quantity in parenthesis with

respect to s
= inverse of quantity in parenthesis
= pure nonlinear term; for certain loads V,

PH,PV may also be "nonlinear"

= take (Z/i, Lz, I/s) at points (n = 1, n, N),
respectively

I. Introduction

MANY areas of research are required to provide informa-
tion necessary for the design of aerospace vehicles in-

corporating thin-walled shell structures. This paper in-
vestigates one of these areas, namely, the numerical analysis
of large axisymmetric deflections of thin spherical shells. A
problem of this type requires the integration of a rather com-
plicated system of simultaneous nonlinear differential equa-
tions. Unfortunately, because of integration difficulties,
analytical solutions presently in the literature are quite
limited. Consequently, with the advent of large high-speed
digital computers, the authors of several recent papers have
focused their attention on methods of numerical integration of
thin shell equations.
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Several techniques for the numerical analysis of small de-
flections of various shells of revolution have been proposed.1"8

In addition, various numerical methods for the analysis of
large axisymmetric deflections of shells of revolution have
been .discussed recently.9""18 However, specific nonlinear re-
sults have thus far been restricted primarily to shallow shells
where intuitively small terms have been neglected in the
governing differential equations.

Previously, the authors added thermal effects13 to Reiss-
ner's19-20 fourth-order system of two nonlinear differential
equations that govern large axisymmetric deflections of thin
linearly elastic and isotropic shells of revolution. These equa-
tions are coupled in a dimensionless stress function and the
rotation of a meridional tangent and are sufficiently general
so that surface loading, temperature, and shell thickness may
vary along a meridian, and, in addition, temperature may vary
through the thickness. First-order central difference approxi-
mations are used to reduce the two differential equations to
finite-difference form. Then the resulting nonlinear dif-
ference equations are written in a convenient matrix form and
solved by combining an iterative scheme with a direct elimi-
nation method that employs two by two coefficient matrices.
The direct elimination method has been used earlier by
Sepetoski7 and Radkowski8 in analyzing small axisymmetric
deflections of shells of revolution. Also, working independ-
ently, Archer published16 a similar numerical method for the
analysis of large axisymmetric deflections of shells of revolu-
tion. He specializes the general theory to shallow spherical
shells of constant thickness, omits certain intuitively neg-
ligible nonlinear terms from the differential equations, and
considers the snap-through buckling of shallow spherical
shells subjected to 1) uniform pressure and 2) a point load at
the apex. His results are generally in favorable agreement
with those given by earlier investigators.21"25 However,
Archer's analysis does not account for thermal stresses, and
he does not give a numerical example for a "deep" spherical
shell.

The purpose of this paper is to specialize the basic equa-
tions of Ref. 13 to a spherical shell and to present specific
results that have been obtained by application of the numeri-
cal integration technique. These results help exemplify use of
the method and confirm its ready applicability to a wide class
of spherical shell problems that involve moderate nonline-
arities. Since the basic nonlinear difference equations are
written in nondimensional form, they suffice for parameter
studies as well as for problems involving fixed geometries.
These equations have been programed in Fortran language
on an IBM 7090 digital computer.15 In addition to core
storage, the computer program uses 10 tapes and can accom-
modate as many as 20,000 mesh points. Necessary nondi-
mensional input to the program consists of geometry, tem-
perature parameters, physical loads, boundary conditions,
and a suitable convergence tolerance. Output consists of
linear and nonlinear values of the basic dependent variables
along with appropriate components of displacement and
stress.

A nonclassical problem involving a "deep" spherical shell
of variable thickness with a hole at the apex is solved by
means of the computer program. The edge near the apex is
loaded by stress resultants and a stress couple, and the
terminal edge of the snell is clamped. In, addition, the shell
is pressurized and subjected to a temperature distribution
that varies both along the meridian and through the thick-
ness. Nondimensional linear and nonlinear output data con-
sisting of displacements and stresses are plotted vs the apex
angle. It is shown that nonlinear effects are very important
in a narrow edge-zone near the hole. For the loads consid-
ered, it was found that linear theory generally gives very
conservative results. For example the maximum stress com-
puted on the basis of linear theory is nearly 50% conservative.

Also, the large deflection of a nonshallow spherical shell
(apex angle of 45°) of constant thickness subjected to a con-

Fig. 1 Associated geometry and displacement compo-
nents.

centrated force at the apex is analyzed by means of the com-
puter program. Radius-thickness ratios of 100, 600, 1080,
and 3000 are considered. The numerical results for this
problem point out the interesting fact that it is necessary to
distinguish carefully between inward and outward bending
(i.e., for outward loads linear theory is conservative, whereas
for inward loads linear theory is often quite unconservative).
Experimental load-deflection results obtained by the authors
for spherical shells with radius-thickness ratios of 1080 and
6440 are shown to be in excellent agreement with the nonlinear
numerical solution. When properly interpreted, certain of
the results given here also may be shown to be in favorable
agreement with those given earlier by Reissner26 and Archer16

in their respective treatments of the small and large deflec-
tions of shallow spherical shells (even though the shells con-
sidered here are not shallow).

II. Summary of Theory

Geometry

Figure 1 shows the middle surface of a thin spherical shell
of radius a and variable thickness h. Let (x, y, z), (r, 6, z),
and (£, 6, f) denote rectangular Cartesian, cylindrical, and
orthogonal shell coordinates, respectively. It is convenient
to select £ = s where s is the arc length measured along a
generator and to let <£0 represent the angle between a normal
to the undeformed reference surface and the z axis. Postu-
late that (u, w) represent displacement components in the
positive (r, z) directions, respectively, and let ft denote the
rotation of a meridional tangent taken positive as shown in
Fig. 1. Consequently it follows that

<PQ = s/a r0 = a sin<£0

where (r0, ZQ) are the radial (horizontal) and axial (vertical)
coordinates of the undeformed middle surface, respectively.

Stress Resultants

Stress resultants (N%, Ne, Q) and stress couples (M& Me)
are defined in the usual way20 and are taken positive when
acting as shown in Fig. 2. In addition, it is convenient to
define stress resultants (H, V) and components of middle sur-
face load intensity (pH, PV) that act in the positive (r, z)
coordinate directions, respectively (Fig. 2). Quantities NT
and MT that arise because of thermal effects are defined as
follows:

/
h/2

-h/2
EkTdf MT = /

h/2

-h/2
EkT fdf (2)

-h/2 ° J-h/2

where E is the modulus of elasticity, k is the coefficient of
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Fig. 2 Element of shell showing stress resultants, stress
couples, and surface loads.

thermal expansion, and T is the temperature above some fixed
datum. Also, rather than treating H as a dependent vari-
able, it is convenient to introduce a dimensionless stress func-
tion ty as follows8 :

_ ,,2) a/h

(3)
(4)

where v is Poisson's ratio.

Difference Equations

Let n(n = 1, 2, 3, . . . , N) denote a generic point on the
generator of the spherical shell shown in Fig. 3, and let the
shell be divided into (N — 1) segments of equal length As.
By using first-order central differences, the differential equa-
tions of equilibrium and compatibility that govern small
finite axisymmetric deformations of thin spherical shells
may be written as follows13-15:

Ctl&n+l + +

n = 2, 3, . . . , N - 1 (5)

f. = /«
where

oti = 1 + (Ks/2h) [(1/p) cot^o + 3V]
CM = -2 + (AsA)2[(l/P2)(^ - cotVo) +

2M" + (2+v)(h'/p)
^-xJ (6)

«5 = — 2 — (AsM)2 (P + cotVo -Sz'pV cot<£o)

= M f r j ~ [(1

- [(2 + v)

hpnf
 n.

E
I V
— [(2 + v) cot^o -vph'] * - v —IP"2 ii

Hi
- — T + - [(1
p Hill p

V

— cotVo)

\! V
(7)

F
-

where
V_ =

Eh 2?rp

0 Eh*_\ T

6(1 + P)

i
777 7. 9 I T"

3 -

ffn = (pv/E) si
(V/Eh) (

(9)

and
= Oo)i + (AS/PI) (« - i)

(10)

(11)

and, in addition,
5i = 0 ^2 = 1 shell open at apex

<5i = 1 £2 = 0 shell closed at apex
Here P denotes a concentrated load, which acts at the apex

(if one exists) in the direction of positive z} and expressions
involving the terms (^) indicate "pure" nonlinear quantities.
If it is assumed that h, pH, NT, and MT are known explicitly
as a function of s, then expressions for the derivatives of
these quantities may be evaluated directly. In the event
that h, pH, NT, and MT are known only at the grid points n>
then expressions for their derivatives may be deduced by
relations similar to the last of Eqs. (9). For compactness of
notation it should be noted that in Eqs. (5-10) the subscript
n usually has been omitted in the expressions for (at, /,-, h,
h, p, <£o, V, PH, pv, NT, MT, ft ^). This policy will be con-
tinued in subsequent work where the meaning is clear.

Boundary Conditions

For most applications of the theory it suffices to specify on
each edge (i.e., n = 1 or TV) any two of the following: u or
H and ft or M^. Consequently, by using first-order forward
differences at the initial boundary, it is possible, within the
framework of the present theory, to write the boundary condi-
tions at n = 1 in the form

where the following expressions for 01, 02, &i, and 62 are evalu-
ated at n = 1:

HI specified I = -1/1 H- As[(v cot<£o/p) - 2/fc 'J
_ |~ 1 u PH .

|_p sin^o h E
V NT i^f V V|

v 737 sin<£0 — 7^7 + vft I — — — cos<£>o 1Eh, Eh \IJLP Eh /J

(13)

Hi specified {ai = 0 61 = ^p(H/Eh) sin^0 (14)

ft specified a2 = 0 62 = ft (15)

(Tlf^)i specified

a, = -1/[1 - (vLs/p) cot*,.]

62 = «^ [_M2 (̂ 1 +

1 Mr\ "iS2~|
1 - v Eh*) 2p J

(16)
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and for the apex of a closed shell,
ai = a2 = bi = b% = 0 (17)

Similarly, by using first-order backward differences at the
terminal boundary, it is possible to write the boundary condi-
tions at n = N in the form

d&N-i + *N = ei d^N-i + pN = e2 (18)
where the following expressions for di} d2, ei, and 62 are evalu-
ated at n = N:

UN specified

- 2hr]
, As[" 1

h \_p sin<£>o
PH
-

V .

V

m

F (19)

HN specified{di = 0
/3N specified{d% = 0

specified

ei = IJLP (H/Eh) sin^0 (20)
e2 = j8 (21)

A 2-
1 Mr\ __ vjp-}

1 - p M2/ 2p J

(22)

Method of Solution

With Eqs. (5, 12, and 18), the fundamental numerical
problem now may be posed, namely, to solve the 2N non-
linear difference equations

Anyn+i + Bnyn + Cnyn-i = /» n = 2, 3, . . . , N — 1
(23)

2/i + ay2 = b dyN-\ -}- yN = e
for the 2N unknown values of ^n and )8n, where

"1 0"
I =

0 1
(24)

(25)

A direct elimination method27'28 that is well adapted for the
solution of the linearized form of Eqs. (23) has been used (in
essence) by several investigators6"8'29 for the small deflection
analysis of shells of revolution. In addition, this matrix
method has been used in conjunction with various iteration
schemes to investigate nonlinear phenomena concerning the
large deflection,13"15 buckling,16 and plastic behavior30 of
various shells of revolution. The primary iteration scheme
used in this paper for the solution of Eqs. (23) has been dis-
cussed previously in detail.13 Accordingly, only pertinent
aspects of the method are summarized as follows:

1) With a starting value of PI = a, compute the 2 X 2
coefficient matrices Pn (n = 2, 3, . . . , N — 1) from the
formula

2) Then with a linearized starting value of q: = b, evaluate
the 2 X 1 column vectors qn (n = 2, 3, . . . , N - 1) from the
relation

qn = PnAn
 l(fn — Cnqn-i) (27)

3) Calculate the linearized 2 X 1 column (solution) vectors
yn as indicated in the following:

yN = (I ~ dPN-l}~l(e -

n = N,N - I, 2 (28)

4) Use the linearized solution vector to obtain second ap-
proximations to /„, b, e, qn, and yn, respectively.

5) Successively repeat step four and obtain third, fourth,
. . ., (m — l)th, and (ra)th approximations to the desired non-
linear yn solution vectors, and stop the iterative procedure
when the difference between the (m)th and (m — l)th ap-
proximations to appropriate elements of the yn solution
vectors (or selected output quantities) is less than some suit-
able convergence criterion.

Numerical results presented in this paper indicate that the
"simple" iteration scheme described previously is adequate
for the evaluation of small nonlinearities. However, for the
study of moderate nonlinearities, it has been found that it is
necessary to use an "incremental" iteration method to achieve
convergence. In this regard, certain of the results given in
this paper for a spherical shell subjected to a concentrated
load at the apex were obtained by the following iteration
scheme: 1) use the "simple" iteration scheme described pre-
viously until a load parameter, say F, becomes large enough
to cause slow convergence to the desired nonlinear solution;
2) to obtain the nonlinear solution for a larger load parameter
F + AF, increment the loads an amount AF and use the
nonlinear values of yn at load F and calculate the first non-
linear approximations to /„, 6, e, qn, and yn, respectively;
3) then compute second approximations to /n, 6, e, qn, and
yn, respectively; 4) successively repeat step 3 until con-
vergence is reached; and 5) repeat steps 2, 3, and 4 to obtain
nonlinear solutions for larger loads.

For the evaluation of large nonlinearities, such as those
that often occur during buckling and postbuckling phe-
nomena, it is necessary to use a faster and more powerful
iteration technique. In this regard Thurston's11 accelerated
Newtonian-type iteration scheme can be used.

Output Data

The yn matrices will yield values of ̂  and @n for n = 1,2,
. . . , JV, and the solution is complete except for the calculation
of the customary output data. It may be shown15 that the
necessary formulas for the computation of stress resultants at

Pn = (Bn ~ (26) Fig. 3 Shell partitionment.
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a generic point n are as follows:
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V /^ V
+ ^ V ~ mCOS<A)' (29)

+ P J (30)

Q /Q "\3 AT — pN-l)

— cot<po —
M2P

1 MT , P02

1 - ^ + 2//2p (31)

Geometry

Temperature
Parameters

Physical
Loads

(Linearized)

Boundary
Conditions

(Linearized)

Output
(Linear)

Physical
Loads

Boundary
Conditions

Convergence

Output

Specify:

Compute:

1 CD \ » \^>\ ' As, p , h , h

hh", v

/cp \ , N, a • , & , a , a , aro) ' 1 2 ' 3' 4 5x 'n

Specify: •
kT, NT/Eh, \ /E,

MT/Eh2, V/Eh

Specify: V/Eh, V'/E, PH/E, hPH /E

Compute: f , f , q , q

Specify:

Compute:

at n=l, N; u/h or H/Eh

and 6 or § /Eh

p P P ~ P P
2' 11' 21 12' 22

Compute: <

Y, B, u/h, w/h, N§/Eh,

6M
§/Eh2,Ne/Eh,6Me/Eh2,

Fn, VE, ae/E

Iteration Loop
(Introduces Nonlinear Terms)

i

Specify:

Compute:

% error in Y, 3, u/h at

two points

Check for convergence

Fig. 4 Simplified flow diagram.

Me

(ft - ft)§«
K - ftv-0

+

For the apex n = 1 of a closed shell these become

N, = Nt, = ̂  _ _!_ /I _ A P_
M M MA^ 2?r \p As/ ^2

^i = ̂  = _!_ /^J^_ _ ̂ \ m)
Eh* Eh* I - v \12As M2/ l ^

Of course it should be noted that Eq. (34) is not valid if a
concentrated load acts at the apex of a closed shell, since, for
this circumstance, it is well known that M$. and Me are sing-
ular (i.e., unbounded) at n = 1.

With these values the stresses (as, as) at point n may be
computed from the relations

fl = 1̂ 4- 1 ^
E ~ Eh + 1 - v Eh

12f /M| 1 MA _ kT
+ T \m2 1 - j; M2/ ~ 1̂

M^

(35)

o^ ^
E ~~ Eh +

1 NT 12f /M« 1 Mr\ _ &T7

I - v Eh h \Eh* I - v Eh*) ~ l - v

and the displacement components (u, w) at point n may be
computed as follows :

p . r i
= *~ Sin^o =jit LAs

(^2-

^-i)
7 . ' •¥s i NT-

(36)

Usually it is sufficient to specify either Wi = 0 or w N = 0.
If wi = 0, then

+
(37)

= 3, 4, . . . , N

and if WN = 0, then

?N) +
i=2V-l= N-1 -i

S F'J
^=5r^(F,-F,)- i=ffV,.i
A2 ^ L2 - ,̂ 2 J

!? = ̂  f-1 (F - ^) + *'TX F. - *"f'V-l
A * L2 ^2 ' & J

(38)

where

Nt

n = 3, 4, . . . , N

Ne , N,

(39)
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General Computer Program

The equations presented in this paper have been pro-
gramed in Fortran language on an IBM 7090 high-speed
digital computer (General Dynamics/Astronautics produc-
tion program No. 2682-Sphere). A simplified flow diagram of
the computer program is shown in Fig. 4, and a brief descrip-
tion of the program follows.

As shown in the flow diagram, the necessary nondimen-
sional input to the program consists of geometry, temperature
parameters, physical loads, boundary conditions, and a suit-
able convergence tolerance. The mesh size selection is
generally made in accordance with the remarks made by
Sepetoski.7 Output consists of the basic dependent vari-
ables ty and ft along with appropriate nondimensional com-
ponents of displacement and stress. After the first iteration,
which gives the linear (i.e., small deflection) solution, the
nonlinear terms in the physical loads and boundary condi-
tions are introduced by an appropriate iteration loop. A
convergence test is made after each iteration. It was decided
to base convergence on an admissible percent error between
successive iterations of any or all of the three nonlinear values
of ^, /3, and u/h evaluated at any two points. The itera-
tions are continued until all of the convergence criteria are
satisfied; then the program computes the nonlinear output.
Iterations 1, 2, m, and m + 1, where m represents the number
of iterations to convergence, are printed out in detail. In
addition, a table giving values of the convergence functions
for every intermediate iteration is printed out. If required,
the program can compute and print out a specified number of
iterations rather than iterate until convergence.

It can be seen from the steps outlined previously that a
considerable number of functions are required, each of which
has as many values as there are mesh points. However, only
about 20,000 core storage locations of the 7090 can be allo-
cated for storage of these functions. Consequently, since
the program is required to accommodate as many as 20,000
mesh points, the use of mediary tapes was essential. By
means of storage tapes, each function was split into groups
(logical records). Only one group is in core at any time.
Ideally 11 tapes should be used; however, only 10 are avail-
able. Thus one tape is re-used, the initial information on it
being written over. The program was written as a "chain-
job" with 4 main programs using 12 subroutines. Execution
time varies widely and depends primarily upon the number of
mesh points and iterations to convergence.

III. Solution of a Nonclassical Problem

Computer Input Data

In this section, a nonclassical problem involving a spherical
shell of variable thickness with a hole at the apex is solved by
means of the computer program. The problem itself is some-
what artificial; however, because of its generality it serves
as an excellent example for the purposes of explaining im-
portant aspects of the analysis technique.

Consider a spherical shell with the geometry shown in Fig.
5, and let

(<£o)i = 10° ((ft)* = 60° As = 1.25
Pi = 1500 v = 0.3 (40)

Consequently, it easily may be shown that

N = 1048 p = 1500/1 + sin(<A) - 10°) \
h = 1 + sin(<#) - 10°)
= Tiro o

M" = -[1/(1500)2][1 + si
- 10°)

- 10°)] X
- 10°)

(41)

Fig, 5 Geometry and loading for general problem.

(42)

(43)

Let the temperature be given by the relation

kT = A + B$
where

A = -0.0003 [1 - sin(<£0 - 10°)]

B = - 2A/h
Thus, with Eqs. (2), it follows that

Nr/Eh = -0.0003 [1 - sin(^0 - 10°)]
NT'/E = (0.0003/p) COS(<A) - 10°) + h'(NT/Eh)

MT/Eh* = 0.00005 [1 - sin(^0 - 10°)]
MT'/EH = - (o.oooos/p) cos(^0 - 10°) +

2h'(MT/Eh*)
Assume that the shell is loaded by a constant pressure p

that acts normal to the middle surface as shown in Fig. 5.
Consequently

(45)

(44)

pv= —p co = p s

hence
pv/E = -

(46)

11II

\ \
\ \

\-~
^ \ \ i

x — ~

u.
. ___ h

--~ w
h

1 1

—— LINEAR
—— NONLINEAR

mn=>
0 14 18 52 56 6

(p (DEC )

Fig. 6 Nondimensional displacement components.
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.002

.001

-.001

-.002
18 52

(p (DEC )

Fig. 7 Nondimensional meridional stresses.

A value of
p/E = 1 X 10 ~6 (47)

was selected for this numerical example, and a nondimen-
sional line load of intensity

(V/Eh\ = 1 X 10-6 (48)

was assumed to act as shown in Fig. 5. With these values, it
follows from Eqs. (9) that the physical input loads become
JT = 10 ~
Eh h

As
h sin<po

p i+'v'1 1L2 (gi ^ gn) ^ £2
 Ql]

gn = - 10

VJb

ff in e
— p = 10~6

E L P

+ 10-6 (cos^o + P sin^o) - (49)

v- r= X

cos^ol
J

A stress resultant HI and stress couple (M$)i with magni-
tudes

(H/Eh)i. = 2 X 10~4 (Ms/Eh*)i = 3 X 10~5 (50)
are applied as shown in Fig. 5. Also, the shell is clamped at

.002

-P (OUT)

Fig. 9 Concentrated loading at apex of spherical shell.

the terminal point N; consequently the boundary conditions
at N are

(u/h)N = (*N = 0 (51)
In this instance, owing to the constraints at N, it is con-
venient to impose the condition

(w/K)N = 0 (52)

It was decided to base the following convergence tolerance
on ft:

I {1 -'[(ft)w-i/(&)w]} X 100 1 <0.015% (53)
where m is the number of iterations to convergence.

Numerical Results

With the input data specified by Eqs. (40-53), the quanti-
ties shown in the flow diagram were computed. For the
present problem, 52 iterations were required to provide con-

Eh

.003

.002

.001

OUT

P = 100

.003

.002

Eh
.001

m

p = 600

Eh'

.0020

.0016

2 .0012

.0008

.0004

Fig. 8 Nondimensional hoop stresses.

0.5 1.0 1.5 2.0 2.5

Fig. 10 Load-deflection curves for various radius-thick-
ness ratios.
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Fig. 11 Composite load-deflection curve.

vergence; accordingly the total 7090 time (compilation, load-
ing, and execution) was very nearly 30 min.

Nondimensional output data consisting of components of
displacement and stress may be plotted vs the angle <p0, as
shown in Figs. 6-8. Note that nonlinear effects are impor-
tant in the narrow edge-zone 10° < <£>0 < 16°. However, for
16° < <po < 60°, the linear and nonlinear theory gave results
that were in close agreement. Also, observe that, in this in-
stance linear theory usually gives conservative results.

IV. Deep Spherical Shell with Point Load at Apex

Computer Input Data

As another numerical example, consider a spherical shell of
constant thickness supported as shown in Fig. 9. Assume

.003r
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.001

Eh

-.001

-.003

Fig. 12 Load-membrane stress curves for various radius-
thickness ratios.
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Fig. 13 Nondimensional membrane stresses.

that the shell is loaded at the apex by a vertical concentrated
force P that may act "inward" or "outward," Take

)i = 0 = 45°

v = 0.3

As = h = 1
(54)

and let it be required to find solutions for the geometric param-
eters p = 100, 600, 1080, and 3000. Accordingly the perti-
nent input loads and boundary conditions assume the form

V_
Eh

1
2?rp sin<£>o Eh2

Yl
E

V_

Eh (55)

(56)
(u/h)N = (Ms/Eh*)N = (w/h)N = 0

A convergence tolerance on values of ^2 and ft is taken to be

I % error *2 or ft | < 0.025% (57)

Numerical and Experimental Results

As before, with the input data specified by Eqs. (54-57),
the quantities shown in the flow diagram (Fig. 4) were com-
puted. Selected portions of the output data may be plotted
as shown in Figs. 10-15. In each instance, the solid and
dashed lines represent results obtained on the basis of non-
linear and linear theory, respectively.

In Fig. 10, the absolute value of the load parameter P/Eh2

is plotted vs the absolute value of the vertical deflection
w at the apex divided by the shell thickness h. For reason-
able loads, observe that nonlinear effects become more pro-

-.001
0 10 20 30 40 50 60 70 80 90 100

s^
h

Fig. 14 Nondimensional bending stresses.
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Fig. 15 Nondimensional displacement components.

nounced as p increases. Also note, within the framework of
large deflection theory, that it is often necessary to distinguish
carefully between inward and outward bending, whereas on
the basis of small deflection theory no such distinction is re-
quired. In particular, linear theory is conservative for out-
ward deflections but unconservative for inward deflections.

The results shown in Fig. 10 may be presented in a more
compact and usable form by plotting Pp/Eh2 vs w/h, as shown
in Fig. 11. Note, for all practical purposes, that only two
curves result. Therefore, the information given in Fig. 11 is
valid for all values of p. This rather surprising result is ex-
plained easily by noting that significant deformation takes
place only in a narrow edge-zone near the loaded apex. Under
these circumstances, nonlinear shallow shell theory applies,
for which the fundamental load parameter is Pp/Eh2. To
support this assertion, it may be observed that the non-
linear curve shown in Fig. 11 for positive values of P is in ex-
cellent agreement with shallow shell results,16 for which the
significant deformation takes place in a narrow boundary
layer near the apex. In addition, the linear results given in
Figs. 10 and 11, as well as Figs. 12-14, agree with a linear
shallow shell analysis given by Reissner.26

The following simple formula, which was obtained by a
hyperbolic curve fit31 of the theoretical nonlinear results
given in Fig. 11, is valid for both inward and outward loads
and should prove to be of considerable usefulness in actual
practice :

1

- 2-40

3.16 - (Pp/Eh2).

2-25
(58)

Two load-deflection tests (Fig. 16) were run on hydro-
dynamically bulged spherical shells with the geome-
try and material properties given in Table 1. Speci-
men A (p = 6440) was set up in an Instron testing
machine, and load vs both inward and outward deflections

Material (steel)
E, psi
Apex angle, deg.
a, in.
h, in.
P
Edge restraint
Pointer radius, in.

Specimen A
(Fig. 16)

AISI 321
28 X 106

14.4
10.3
0.0016
6440
Glued to ring
TV

Specimen B

AISI 321
25 X 106

90
9
0.0083
1080
None
3

"6T

Fig. 16 Spherical shell point load test, p = 6440.

(machine head travel) was automatically recorded. A simi-
lar procedure was used for specimen B (p = 1080), but de-
flections were measured only at specified values of inward
load. Four runs were made for each specimen, and loading
and unloading data were averaged and plotted as shown in
Fig. 11. Obviously there is excellent correlation between
theoretical and experimental results. This lends credence to
nonlinear shell theory itself and also substantiates the accu-
racy of the numerical integration technique used in this paper.

Figure 12 contains a plot, for various values of p, of P/Eh2

vs the dimensionless membrane stress parameter N/Eh evalu-
ated at the apex. For outward deflections, the results ob-
tained from both linear and nonlinear theory display the
same trend and differ by only a few percent. However for
nonlinear inward deflections, note, for larger values of p}
that N/Eh initially takes on compressive values but then "de-
creases' ' and eventually becomes tensile.

In Figs. 13-15 are shown typical numerical results (P/
Eh2 = 0.002, p = 1080), which give the variation of non-
dimensional components of membrane stress, bending stress,
and displacement components with the nondimensional
meridional distance s/A measured from the apex. Note that
pertinent stress and displacement quantities rapidly de-
teriorate as s//& increases and observe the bending stress
singularity at the apex. These results vividly illustrate the
fact that results based on linear theory can be very misleading.

V. Closure

Both the numerical results and experimental evidence given
in this paper exemplify the scope and validity of the proposed
analysis technique. Accordingly, it now is possible to treat
a wide class of problems that involve large axisymmetric de-
flections of spherical shells. It was shown that large de-
flection effects can be of considerable practical importance and
that linear theory may or may not be conservative, depending
upon the geometry and type of loading. It is evident that
nonlinear shell theory, where appropriate, should be incorpo-
rated eventually into standard design practices for stress
problems concerning aerospace vehicle shell structures.
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